Here, we analyze the dispersion behavior of revolver-type anti-resonant hollow core fibers, revealing that the chromatic dispersion of this type of fiber geometry is dominated by the resonances of the glass annuluses, whereas the actual arrangement of the anti-resonant microstructure has a minor impact. Based on these findings, we show that the dispersion behavior of the fundamental core mode can be approximated by that of a tube-type fiber, allowing us to derive analytic expressions for phase index, group-velocity dispersion and zero-dispersion wavelength. The resulting equations and simulations reveal that the emergence of zero group velocity dispersion in anti-resonant fibers is fundamentally associated with the adjacent annulus resonance which can be adjusted mainly via the glass thickness of the anti-resonant elements. Due to their generality and the straightforward applicability, our findings will find application in all fields addressing controlling and engineering of pulse dispersion in anti-resonant hollow core fibers.
Introduction
Hollow core fibers (HCFs) allow for efficiently guiding light and are intensively investigated since they allow for accessing previously inaccessible fields for fiber optics or to substantially improve device performance within areas such as mid-IR gas lasers [1, 2] , broadband light sources [3, 4] , nonlinear optical effects [5] , high-power pulse delivery [6] , gas and liquid analytics [7, 8] , and pulse compression [9] . A comprehensive overview on HCFs can be found in Ref. [10] . Particular anti-resonant HCFs (ARHCFs) have recently gained substantial attraction by the Fiber Optics community since they uniquely combine low optical loss and cladding microstructures that demand only moderate fabrication efforts compared to more sophisticated fiber geometries such as photonic band gap HCFs [11] [12] [13] [14] [15] [16] [17] [18] [19] . The ARHCF geometry that is mostly addressed during recent times is the single-ring anti-resonant or revolver-type fiber (RTF) geometry [20] [21] [22] [23] [24] [25] , consisting of a finite number of thin-walled non-touching glass tubes arranged in a circle at constant azimuthal distances ( Figure 1 ). This arrangement is mechanically stabilized by joining the individual tubes to the inner wall of a supporting capillary. As the guided field is concentrated in the core region, the supporting capillary plays a minor role for the optical properties in particular for the dispersion, and therefore we neglect it in our model. Each tube supports a well-defined number of modes (so-called annulus resonances), allowing for efficiently guiding light in the central fiber section in case these modes are not phase-matched to the core mode, i.e., core and annulus modes are anti-resonant. As a result, these glass annuluses are typically refereed to as anti-resonant elements (ARE) [24] . The anti-resonant effect relies on the interference of the two waves reflected at the inner and outer annulus interface, leading to low-loss transmission bands that are spectrally limited by annulus resonances [26] . It is important to note that already the most generic type of ARHCF geometry-the tube-type fiber (TTF, Figure 2 ) geometry-qualitatively shows all key features of an ARHCF, namely strong resonances imposed by the ARE-modes and a characteristic loss evolution within the transmission bands. This approximation was utilized by several authors [27] [28] [29] [30] to simulate complex ARHCF structures on the basis of the properties of the TTF geometry. Recent experiments involving improved designs of RTFs indicate that these types of fibers show off-resonance losses as low as 7.7 dB/km within various spectral domains [31] , making it highly attractive for numerous applications.
One particular striking application that has recently attracted substantial attention is nonlinear light generation in gas-filled HCFs due to low damage thresholds, high output energy densities and the possibility for spectrally tuning the output light via pressure modification [3, 4, 32] . In addition to sufficiently high nonlinearities, precise control on chromatic dispersion is essential to efficiently generate supercontinua from ultrashort optical pulses [33] . Within soliton-based supercontinuum generation, the key parameter to be controlled is the group velocity dispersion (GVD), which needs to be designed such that the used ultrashort pulse does not significantly disperse over the nonlinear length and that solitons of higher orders are supported. A straightforward-to-access design parameter which is widely used throughout the ultrafast nonlinear community is the wavelength at which the GVD vanishes-the so-called zero-dispersion wavelength (ZDW)-which needs to be carefully adjusted with respect to the pump laser wavelength to allow for efficient supercontinuum generation.
In this work, we present a detailed numerical and analytical study on the dependence of important dispersion parameters on all relevant structural parameters of the RTF geometry. We found that the behaviors of phase index, GVD and ZDW are dominated by the annulus resonances (i.e., ARE wall thickness) while the actual shape of the ARE-based cladding plays only a minor role. These findings allowed us to approximate the mentioned dispersion parameters by those of the most generic type of ARHCF, the TTF geometry, which was numerically confirmed for all practically relevant situations. Using an interface reflection model to approximate the phase index of the TTF geometry, analytic expressions for the mentioned dispersion parameters were obtained, allowing us to gain fundamental insights into the dispersion behavior of the ARHCF geometry. (a) illustration of the revolver-type anti-resonant hollow core fiber (RTF) geometry considered here: the fiber consists of six annulus-type anti-resonant elements (blue area) arranged around the central core region (indicted by the black dashed line); (b) cross section of that structure with all relevant geometric parameters. The annuluses are made from a dielectric material (typically silica glass), whereas a medium with a lower refractive index (typically gas) is located elsewhere. (a) sketch of the tube-type anti-resonant hollow core fiber (TTF) geometry that is used to approximate the dispersion properties of RTFs (a cross section of this geometry including the relevant parameters in shown in (b)). This structure is composed of a thin annulus of dielectric material containing a low index medium in the core and the most outer region.
Analytical Equations for GVD and ZDW
Before comparing the modal properties of RTF and TTF geometries, we would like to introduce the analytical model that allows approximating the chromatic dispersion of TTFs by an analytic expression. As shown by Marcatili et al. [34] , the real part of the effective index n e f f (i.e., phase index) of a capillary can be expressed as n e f f = 1 − aλ 2 in case the capillary bore diameter is much larger than the operation wavelength λ (the parameter a depends on core radius, and mode order). The related GVD D λ = −(λ/c) d 2 n e f f /dλ 2 (c speed of light in vacuum) only weakly depends on wavelength and, in case material dispersion is neglected, yielding an entirely analytic form D λ = 2aλ/c. In contrast, the phase index of the ARHCF geometry includes an additional resonance term resulting from the interference of the waves reflected at the two glass/air interfaces, causing the GVD to strongly differ from that of a capillary particular close to the resonances [26] . For the TTF geometry (Figure 2 ), the spectral positions of the annulus resonances mostly depend on wall thickness w and on the refractive indices of ring and inner and outer media n s and n a , respectively: λ R = (2w/l)(n 2 s − n 2 a ) 1/2 with l = 1, 2, ... being the annulus resonance order. The same relation was reported for the RTF geometry by Uebel [24] , which already indicates similarities between TTF and RTF geometries. In [26] , we reported an approximate analytical model for the chromatic dispersion of the TTF geometry in case the core radius R is much larger than the operation wavelength λ (i.e., λ/R 1). This model is based on a series expansion of the complex effective index with respect to λ/R up to the fourth power. For the discussion presented in this work, we are not addressing losses but chromatic dispersion only, allowing us to neglect the fourth power term that is solely related to modal attenuation and resulting in a real-valued analytic expression of the phase index (see Zeisberger for details [26] ) as follows:
The parameters indicated by the capital letters are given as follows:
whereas particular emphasis should be placed on the parameter C that includes a cot-function. The parameter φ represents the accumulated phase of the waves propagating from the outer to the inner (or vice versa) interface of the ARE. For the fundamental mode (HE 11 mode), the constants are
The refractive index of the medium in the core and the outer region n a can either be that of air or, in the context of supercontinuum generation, argon or another low index medium. It is important to note that the strand resonances are included in the factor C(λ) and are located at the phases with the values φ = lπ (l = 1, 2, ...). The corresponding GVD (i.e., dispersion parameter) is obtained by taking the second derivative of the phase index with respect to wavelength
As mentioned in the introduction section, key parameters for controlling nonlinear light generation in waveguides are GVD and ZDW, which need to be adjusted appropriately. In the following, we use Equation (1) to derive analytic expressions for both parameters. Compared to the factors λ 2 , λ 3 , and C(λ), the factors F(λ) and E(λ) show a negligible dependence on λ, allowing us to treat them as wavelength-independent constants throughout the remaining part of the manuscript. We have checked this approximation numerically for the wavelength range 0.4-2.0 µm using the material data of argon and silica and found a deviation of less than 3% between the approximation and the exact values. The first term of Equation (1) describes the material dispersion of the core medium, which we approximate in the following by a Cauchy model that fits very well to the properties of argon for wavelengths around 1 µm (see Appendix A for details):
Here, the term b/λ 2 accounts for the material dispersion of the low index medium. In combination with Equations (2)-(5), Equation (1) yields an analytic expression for the GVD of the TTF geometry:
The first term in Equation (6) represents the contribution of the core medium (e.g., argon), the second term is the same as for a capillary, and the last term is associated with the annulus resonances. Equation (6) clearly shows that, in contrast to step-index fibers and capillaries, the TTF geometry shows a sophisticated dispersion behavior and provides more degrees of freedom for tuning GVD and ZDW. In fact, this is a result of the annulus resonances causing strong variations of d 2 n e f f /dλ 2 upon λ including positive and negative values particularly close to the resonances. As the main features of the fiber discussed here are related to the resonances, we derive an approximation of Equation (6) for wavelengths close to the resonances. The first step is to use the phase φ rather than λ as variable, i.e., λ is substituted by φ using Equation (3):
Values of the phase φ being close to the resonances can be expressed as φ = lπ − ∆φ with the off-resonance parameter |∆φ| 1. With this assumption, the following approximations can be applied
resulting in the following approximation for the GVD of the TTF geometry:
With this approximation, the ∆φ value related to the ZDW can be straightforwardly obtained from the condition D λ = 0 resulting in the following criterion for zero dispersion:
With Equations (2)- (4), we obtain the following relation for the off-resonance parameter value corresponding to the ZDW:
The related wavelength, i.e., the ZDW can be obtained using Equation (3), leading to
It is interesting to note that the calculation above results in a positive value of ∆φ. With Equation (12) , this results in values of the ZDW being larger than the related resonance wavelength, which is given by
The related anti-resonance wavelength, which is defined by the criterion φ = (π/2)(2l − 1) and l = 1, 2, ..., is given by
Equations (11) and (12) clearly suggest that the spectral position of the ZDW is associated with that of the corresponding annulus resonance, which is evident by taking the ratio between ZDW and annulus resonance wavelength of the same order λ R /λ ZD = 1 − ∆φ ZD /lπ. The relation between resonances and ZDW can also be regarded from a more general point of view. Besides the resonance regions, the fibers regarded here show approximately the same dispersion n e f f (λ) as an empty capillary with d
2 n e f f /dλ 2 < 0. Therefore, zero GVD, which corresponds to an inflection point d 2 n e f f /dλ 2 = 0 of the dispersion, requires an additional contribution with a sufficiently large positive value of d 2 n e f f /dλ 2 . According to the Kramers-Kronig relation, every loss peak at a certain wavelength is related to a Lorentzian shaped dispersion with d 2 n e f f /dλ 2 > 0 above the resonance wavelength.
Dependence of Dispersion on Number and Diameter of AREs
Compared to TTFs, the RTF geometry has two additional geometric parameters, namely the number N and the diameter d of the AREs, which might have a strong impact on chromatic dispersion. Using a finite element mode solver (FEM, COMSOL, simulation details are presented in Ref. [35] ), we simulated the spectral dependence of the phase index of the fundamental HE 11 -mode for a range of N and d values of the RTF geometry (Figure 3 , N = 5, 6, 7; annulus 5 µm < d < 25 µm) assuming a constant strand width of w = 0.5 µm, and material data of silica [36] and argon [37] . Remarkably, both n e f f (λ) and D λ (λ) only show a weak dependence on both geometric parameters within the investigated parameter range. In particular, the spectral evolutions of the GVDs strongly overlap across the entire bandwidth of the transmission band. Only in close proximity to the annulus resonances, differences are observed for small ARE diameters, showing that varying N and d mostly imposes a constant offset to the phase index, which is irrelevant for the GVD as it is correlated to the second derivative of n e f f with respect to wavelength. These results also show that the ZDW is mostly independent of N and d within practically relevant parameters' ranges, which has obvious implication on design issue related to ultrashort pulse propagation. Together with the results presented later, these findings suggest that chromatic dispersion in RTFs is dominated by the impact of the strand resonances and hardly depends on the specific properties of the actual AREs used, suggesting that the dispersion behavior of the RTF geometry is identical to that of the most generic type of anti-resonant fiber geometry, the TTF geometry. Since the core diameters of ARHCFs are substantially larger than the wavelengths considered, the above-derived analytic expressions for n e f f and D λ (λ) can be applied as confirmed in [26] . The resulting spectral evolutions calculated using Equations (1) and (6) (lines in Figure 3 ) overlap with the numerically obtained RTF results almost across the entire bandwidth of the transmission bands, whereas the match is particularly good for the GVD. An even better agreement is achieved when including a core diameter correction factor f that slightly increases the core radius R (as proposed in Ref. [24] ) to account for the penetration of the core mode into the gaps between the AREs (here f = 1.08). It is important to note that such kind of agreement and independence on N and d is not achieved for the imaginary part of the complex effective index, which strongly depends on the microstructure used as shown in numerous works [20, 22, 31] . However, here we are only interested in the dispersion properties, i.e., in the real part of the effective index. (1) and (6)) taking into account an effective core radius parameter of f = 1.08). For all data sets, we used 2R = 30 µm, w = 0.5 µm, and material data of silica [36] and argon [37] .
Dependence on the Core Radius
As a next step, we numerically investigate the dependence of phase index and GVD of the fundamental mode of the RTF geometry on a central core radius (Figure 4 ) while keeping the annulus parameters fixed (w = 0.5 µm, d = 20 µm, n = 6, refractive index distribution as for Figure 3 ).
As expected, the spectral distributions of both n e f f (λ) and D λ (λ) strongly change in case the core dimension is modified, with the evolutions provided by our TTF model (solid lines in Figure 4 ) matching the numerical results particularly good within the transmission bands (dots in Figure 4 ). Deviations between model and numerics are only visible towards the long-wavelength side of the transmission band. The GVD-evolutions that do not include the core diameter correction factor ( f = 1) already show excellent overlaps between TTF model and numerics (Figure 4b,d) , whereas an improved match is achieved for the phase index when using f = 1.08 (Figure 4c,d) . It is important to note that in case the strand resonances are neglected in the TTF calculations (i.e., neglecting the λ 3 -term in Equation (1)), no match between model and numerics is achieved. This is, for instance, highly visible in the spectral distributions of the GVD (insets in Figure 4b,d) , which never crosses the zero within the spectral domain considered here. (1) and (6), refractive indices defined in the caption of Figure 3 ). The two insets in (b,d) show the corresponding GVD distributions in case the resonance term in Equation (1) is ignored.
Due to its importance in nonlinear photonics and ultrashort pulse propagation, we take a closer look into the behavior of the ZDW in the following. Assuming the geometry considered above (w = 0.5 µm, n = 6), we have calculated the dependence of the ZDW on central core radius (Figure 5a ) numerically from the FEM data of the RTF geometry, from the analytic expression of the GVD of the TTF model (Equation (7)), and by using the approximate equation for the ZDW (Equation (12)). Here, the TTF model (blue symbols in Figure 5a ) accurately follows the evolution of the FEM simulations (dark blue symbols in Figure 5a ), with the ZDWs matching within a spectral interval <2 nm. The analytic expression (Equation (12)) yields the correct trend, with a deviation of the ZDWs of about 8 nm. Considering that the transmission band has a spectral bandwidth of about 300 nm (see, e.g., Figure 4 ), this 8 nm difference yields a relative spectral deviation of about 2.5%, which yields an accuracy that is better than can be achieved in fabrication. In addition, we have also calculated the ZDW using Equations (1) and (11) within different bands, i.e., for different annulus resonance orders (Figure 5b ) and plotted them together with the wavelengths of the related resonance (assuming ∆φ = 0 in Equation (12)) in Figure 5b . It is interesting to see that the ZDWs are always located at slightly longer wavelength compared to the corresponding resonance, which is a result of the small positive values of ∆φ, i.e., ∆φ > 0 and |∆φ| 1. From the practical perspective, the most important parameter that allows for adjusting the spectral positions of annulus resonances is the respective ring width, since λ R ∝ w (see Equation (12) in case ∆φ = 0). As a result, increasing the ring width for a constant core diameter imposes the ZDW to increase accordingly (inset of Figure 5b) , again emphasizing that the emergence of a ZDW in one transmission band is a result of the presence of the annulus resonance. The three curves show the evolutions from the numerical FEM calculations (red) for n = 6 and d = 20 µm, the TTF model (Equation (6), gray) and the expression that approximate the ZDW (Equation (12), green); (b) ZDW vs. annulus resonance order (yellow: TTF model; green: approximate expression (Equation (12))). The cyan symbols show the related annulus resonance (according to Equation (13)). The connecting lines are only guides to the eye. The inset shows the dependence of the ZDW in case the ring thickness is changed (2R= 50 µm) for the three lowest resonance orders (solid lines: analytic equation (Equation (6); dashed lines: model (Equation (12)); dotted lines: corresponding resonance (Equation (13)). The colors refer to the different resonance orders (indicated by the respective numbers). Both plots assume argon and silica as gas and glass, respectively, and do not include the core diameter correction factor (i.e., f = 1.0).
Discussion
The key finding of this work is that Re(n e f f ) and D λ (λ) of the TTF geometry fit extremely well to the related quantities of the RTF geometry, suggesting that chromatic dispersion in ARHCF has a generic origin and is not related to a specific cladding microstructure. Here we believe that this coincidence, which is not obvious from the first view, is associated with the following reasoning: as shown in our previous work [26] , the dispersion properties of the TTF geometry can by approximated to a very high degree by considering the reflection of a wave on a planar three-layer-system (e.g., here Ar/SiO 2 /Ar) under nearly grazing incidence in the situation in which the core diameter is much larger than the operation wavelength. Here, we believe that the local fields at the surface of the individual ARE can be treated in a similar way, i.e., that the reflection process of an ARE is principally identical to that happening at a planar interface. Varying w/λ modifies the phase of the reflected wave accordingly, imposing a corresponding variation in the phase of the guided wave, i.e., in Re(n e f f ). This basic principle is in fact independent on the shape of the core-cladding boundary, suggesting that the dispersion behavior of the RTF geometry is dominated by the impact of the annulus resonances. The main difference between the TTF and the RTF geometry lies in local fields around the core circumference, which mostly impacts losses but not dispersion. In Ref. [29] , an empirical formula is presented that also provides an extension of the capillary dispersion [34] with a resonance term that includes empirical parameters. Equation (2) from [29] and Equation (1) from this paper can be transformed into the same mathematical form using approximations for a large core radius (R λ) and a small off-resonance parameter |∆φ| 1. In this context, our results provide absolute values with analytical expressions for the strength of the resonance terms that are empirical parameters in Ref. [29] . From the practical perspective, it is important to know the modal losses in the spectral vicinity of the ZDWs. Our results show that the ZDW present in one transmission band is located in-between the anti-resonance and the related strand resonance wavelengths (λ R < λ ZD < λ A ). This is consistent with the results presented in Ref. [38] where Figure 3 shows that the ZDWs are located slightly above the resonance wavelengths, which corresponds to 0 < ∆φ ZD 1 in terms of the work presented here. We checked all data from our FEM simulations performed in the context of this paper and found very low losses when operating close to the ZDW, whereas more sophisticated microstructures such as nested AREs yield even lower loss [23] . In the context of practical applications, the effect of geometric non-uniformity can be relevant. According to our model, the fiber dispersion can be interpreted as a combination of two effects, the dispersion of a hollow waveguide with a perfectly reflecting boundary (the first two terms in Equation (1)), and the impact of the resonances (the third term in Equation (1)). According to our model, we expect for an RTF with non-uniform wall thickness a corresponding modification of the resonances. Depending on the nature of the geometric non-uniformity, e.g., a discrete or a continuous distribution of the thickness w, we expect several discrete resonances or a broadening of the resonance, changing the overall dispersion. A detailed investigation of this effect ought to be verified by simulations, which is beyond the scope of this paper. The observed behaviors of phase index, GVD, and ZDW being dominated by the annulus resonances (i.e., ARE wall thickness), were also qualitatively found in reported experiments [39] . Even though a direct comparison to the experimental results is unfeasible due to the strand thickness variations across one fiber cross section and the additional struts in the experimentally investigated fiber, the key qualitative features (observation of one ZDW in one transmission band and the bending of the spectral distribution of the GVD in close proximity to the strand resonance) are also found experimentally, which clearly shows that the dispersion of the measured fiber is dominated by the strand resonances. Please note that the TTF-model presented here applies only to fibers with well-defined resonances that are imposed by the strands of the AREs. Photonic band gap HCFs, for instance, only exhibit a small number of transmission bands (in most cases, only one), which are separated by a comparably large spectral interval. The spectral positions of the high loss intervals cannot be described by the resonance of Equation (1) given in this work, i.e., by single strand resonances, with the consequence that the application of our model to photonic band gap HCFs is not possible.
Conclusions
Precise knowledge on modal dispersion is relevant for all applications involving the propagation of short pulses in optical waveguides and is particularly important within areas such as nonlinear photonics and ultrashort pulse delivery. Here, we show a detailed study of the dispersion behavior of RTFs, revealing that the resonances provided by the thin-walled annulus of the AREs surrounding the central core dominate the chromatic dispersion. Specifically, we found that the spectral distributions of phase index and GVD strongly depend on central core diameter and annulus width, whereas the modal behavior is almost independent of diameter and number of AREs used. One of the key findings of this work is that the dispersion properties (i.e., phase index and GVD) of the RTF geometry match those provided by a corresponding TTF. We derived analytic expressions for phase index and GVD that both match the corresponding features of the RTF geometry for all practically relevant situations, whereas a particular good match is obtained for the GVD. We also derived an analytic expression for the ZDW showing that each transmission band owns one ZDW, which is spectrally located in between the annulus resonance and the anti-resonance wavelengths. Moreover, the derived equations suggest that the emergence of one ZDW in one band is associated with the presence of one resonance, i.e., that the origin of the multiple ZDWs observed in the RTF geometry is solely related to annulus resonances that are formed by the interference within the thin glass membrane. As a result of these facts, we strongly believe that both the TTF model and the analytic expressions for GVD and ZDW yield straightforward-to-use design tools that are relevant for the development of future RTFs for applications in nonlinear photonics, ultrafast light transportation and any application that demands controlling pulse dispersion in ARHCFs. Figure A1 . Spectral distribution of the GVD of argon calculated from empirical data (symbols) [37] and from Equation (A1) (line).
As shown in [37] the material dispersion of argon can be approximated by a Sellmeier expression. In case the operation wavelength is of the order of 1 µm this expression can further be approximated by first order series expansion with respect to λ −2 resulting in the Cauchy expression presented in Equation (5) with a = 1.00028 and b = 1.507 · 10 −6 from which the following expression for the GVD of argon is obtained.
